On Brauer groups of real Enriques surfaces By V. V. Nikulin at Moscow and R. Sujatha at Bombay § 0. Introduction Let X be a smooth projective irreducible real surface and let denote the Brauer group (cohomological) of X. This group is known to be a birational invariant of the surface. Let X(R) denote the space of i?-rational points of X with the Euclidean topology and s be the number of real connected components of this space. Let 2 BrpO be the group of elements of order two in ΒΓ(^). If P e X is a real point of X, we get a natural map 2 Br(A r ) -» 2 Br(P) ^ Z/2. In [CT-P], it is proved that this map 2 Br(JQ -> Z/ 2 does not depend on a choice of the point P in a connected component of X(R). Thus, the canonical map
is very interesting to calculate dim 2 Br (7), study the map (0.1) for real Enriques surfaces F, and compare these calculations with the corresponding ones for rational surfaces. We mention that topologically Enriques surfaces are much more complicated than rational ones because they are not simply-connected; the fundamental group ni(Y (C) ) s Z/2. This makes the calculations very delicate.
We formulate the basic results of the paper. Let Υ be a real Enriques surface. Let Y (C) denote the underlying complex manifold of Y c and G be the Galois group Gal (C/i?) . We identify the generator of this group with the corresponding antiholomorphic involution θ on Y (C) . Everywhere below, for a 2-elementary group A ^ (Z/2) a , dim^4 = a. For any G-module A, A G = Α θ denotes the set of elements of A fixed by G.
We introduce the following basic invariants of a real Enriques surface Υ observing that H 1 (F(C); Z/ 2) s Z/2. Theorem 0.1 shows that to estimate dim 2 Br(F) , it is important to estimate the invariant b(Y), because Ο !ξ ε(Υ) ^ 1.
We prove the following general estimates from below for b(Y) and dim 2 Br(7).
Theorem 0.2. Let Ybe an arbitrary real Enriques surface and s the number ofconnected components of Y(R). Then
Itfollows (by Theorem 0.1) that dim 2 Br(7) ^ 2s -2 + ε(Υ) ^2s-2.
Proof. See Theorem 2.1 (in §2). Thus, from these three Statements we get the
Corollary 0.4. For a real Enriques surface Υ
In § 3 of the paper, we give a precise formula for the invariant b(Y). This is the most non-trivial result of the paper. We recall [C-D] that the universal covering surface of an Enriques surface Υ is a ^3-surface X, and the universal covering π : X(C) -> Y(C) is 2-sheeted. We denote by τ the holomorphic involution of Jfcorresponding to this covering. It is not difficult to see that if Υ (Κ) φ 0, then there are two liftings σ and τ σ of the antiholomorphic involution θ of Y (C) to antiholomorphic involutions of X (C) .
Theorem 0.5. Lei Ybe a real Enriques surface and suppose that there are two liftings σ and τσ of antiholomorphic involution θ of Y(C) to antiholomorphic involutions of the universal covering K3-surface X(C) (for example this is true if Υ (R) φ 0). Lei s or and s nor be the number of orientable and non-orientable connected components of Υ (R) respectively . Then b(Y) = s nor + 2s or -ζ(σ) + dimtf(a)_ -dim(//(a) + ) 1 n//(a)_ + (Y) .
Proof. See Theorems 3.5.1, 3.5.2 and 3.5.3 and the formula (3.5.1) (in §3).
We cannot give precise definitions of the summands of this formula here. We only mention the following inequalities for these integers:
1 n//(a)_^2, 0 £ (Y) ^ l , (cf. § 3 for precise definitions of these integers). We remark that the integers * nor + 2* or , ζ(σ), dim#(a)_ and are defined using only the action of the involutions σ and τσ on H 2 (X(C); Z). In some cases we can prove that the invariant (Y) = 0. Thus, using the global Torelli Theorem [P §- §] and epimorphicity of the Torelli map [Ku] for A:3-surfaces, and results of [N 4], we can construct Enriques surfaces with these prescribed invariants.
By the inequalities above, Theorem 0.5 gives an estimate for b(Y) from above. Since 2s = 2s nor + 2s or and Theorem 0.2 gives the inequality for b(Y) from below, the formula of Theorem 0.5 and the inequality of Theorem 0.2 give very strong estimates on the numbers s nor , s or and show that the inequality of the Theorem 0.2 is not far from being an equality (cf. Theorem 3.7.1 in Sect. 3.7). These invariants are used by the first author in the classification of real Enriques surfaces (cf. [N 6] ).
We mention that in Theorem 3.4.7 we give another formula for the number b(Y) which is more useful in some cases.
From Theorem 0.5 and Statements 0.1 -0.3 above, we get the following result when we calculate dim 2 Br(7) precisely. To formulate this result, we introduce some invariants of F. Theorem 0.6. Let Υ be a real Enriques surface and 7(ί?) Φ 0.
Let

Then b(Y) = 0 iffthe surface Y(R) is connected non-orientable and for the invariants r( ) and α(θ) we have the equality r( ) = a(9).
By Theorem 0.1 and Proposition 0.3, for this surface Υ the invariant ε(Υ) = l and dim 2 Br(7) = l.
Proof. See Theorem 3.6.1.
The idea of the proof of Theorem 0.1 is to use the Kummer sequence and estimate the dimension of 2 Br(7) using the Hochschild-Serre spectral sequence. The proof of Theorem 0.2 is not difficult and uses Lefschetz fixed-point formula and Smith exact sequence. The proof of Theorem 0.5 and Theorem 0.6 is hard and uses results of [Hai] , [N 3] , [N 4] . The most important ingredient of our proof is the use of the theory of involutions of lattices (integral quadratic forms) with conditions on a sublattice which was developed in [N 4] (and also [N 3] ). We apply this theory to the action of antiholomorphic involutions on the 2-cohomology lattice of Y (C) and its universal covering ^3-surface X (C) . The proof of Theorems 0.2, 0.5 and 0.6 is a part of the general problem of classification of real Enriques surfaces which is studied in [N6] ( s an example, see Sect. 3.7 at the end of the paper).
All the results of this paper may be generalized to the following more general Situation: Instead of K 3-surfaces one should consider complex smooth projective algebraic surfaces X such that the 2-torsion in the Picard group, 2 Pic X = 0. Instead of real Enriques surfaces one should consider real surfaces Υ = Χ/ {id, τ} where τ is a holomorphic involution of Jifwithout fixed points. For example, Statements 0.1-0.4 are true in this case. The Situation is more complicated with Theorems 0.5 and 0.6 (cf. Sect. 3.4 and Lemma 3.4.3) but it is similar. We hope to generalize the results here for this more general case in subsequent publications. In Sect. 3.8, we cite further results on real Enriques surfaces from [N 5] and [N 6 ], which were obtained by the first author during the time this paper was being considered for publication.
We are grateful to Professor J.-L. Colliot-Thelene for useful comments. We would also like to thank the referee for bis comments.
The first author worked on this article during his stay in the first half of 1991 at the Tata Institute of Fundamental Research, Bombay; Steklov Mathematical Institute, Moscow and Institut des Hautes Etudes Scientifiques, Paris. He is grateful to these Institutes for their hospitality. A preliminary variant of this paper was published s a preprint [N-S] . § 1. Estimation of the 2-torsion of Brauer group of real Enriques surfaces
We first list some basic facts about complex Enriques surfaces which will be used in the sequel.
We recall that a complex #3-surface is a smooth projective algebraic surface X over C such that X(C) is a simply-connected complex surface and the canonical class K x = 0. It follows that there exists a 2-dimensional regul r differential form ω χ e Ω[Χ~\ such that the divisor (co x ) = 0. Thus, for an arbitrary point z e X(C) and local coordinates z l5 z 2 at a neighbourhood of z, we can write down this form s /(z 1? z 2 )dz i Λ dz 2 where /(z 1? z 2 ) is a holomorphic function and /(z) Φ 0. This form ω χ is unique up to multiplication on elements of C.
We also recall some basic facts about complex T3-surfaces X that will be used (cf. G.N.Tjurina, [A] , Ch.9). We have:
Besides, the group H 2 (X(C}\ Z) with the intersection pairing is an even unimodular lattice of signature (3, 19) .
By definition, an Enriques surface Υ over C is a minimal smooth projective algebraic surface over C with invariants κ(Υ) = ρ β (Υ) = q(Y) = 0 (cf. B. G. Averbuh, [A] , Ch. 10). An equivalent definition of Enriques surfaces is that an Enriques surface Υ is the quotient Y-A7{id, τ} of a AT3-surface X by an algebraic involution τ without fixed points. In this paper, we will use this definition of Enriques surfaces. Thus, X(C) is the universal covering of Y (C) , and
By [Nl] , §5,
for an involution τ without fixed points on a jO-surface. It follows that the canonical class of Υ
Using (1.0), (1.1) and Standard topological facts like Lefschetz fixed-point formula, universal coefficient formula, Poincare duality [Sp] and elementary facts about actions of finite groups [Br] , Ch. III, Sects. 2, 3, one can easily prove that
and that we have an isomorphism:
(1.6) π*: // 2 (F(C);Z)/Tor -> / where π : Jf -* 7 is the quotient morphism. Besides, since H i (Y (C) ; Z) = 0, the characteristic class map gives an isomorphism Pic Y^ H 2 (Y(C);Z). By Poincare duality and Hodge index theorem, the lattice // 2 (y(C);Z)/Tor with intersection pairing is a unimodular lattice of signature (l , 9) . By the formula for the genus of a curve on an algebraic surface and (1.3), this lattice is even. Now we consider real Enriques surfaces which have an AP-rational point. We refer to [Si] for generalities about real surfaces. Recall that by definition, a real Enriques surface is a smooth projective algebraic surface Υ over R such that Y c = Y® R C is a complex Enriques surface.
Let G = Gal(C/ ) = {id, 0}. Then θ acts on Y(C) s an antiholomorphic involution and Y(R) = Y (C) G . Let U G = U 9 denote the set of fixed elements for an action of a group G on a set U.
We recall [Mi] that the Kummer exact sequence
Since Υ (R) is non-empty, Pic7= (Pic7 c ) G , (cf. [Ma] ). By (1.7), we then get (cf. [Mi] .) By (1.7), we then get
The dimension of the etale cohomology group Η^(Υ;μ 2 ) is estimated using the Hochschild-Serre spectral sequence where for a complex algebraic manifold Y c we have (cf. [Mi] ).
We define the following invariant of a real Enriques surface. We recall that by(1.5). where by (1.5), £ 2 2tl = H 2 (G; Z/2) Z/2. Thus, by Definition 1.1,
By definition, £ 2°' 2 = //°(G;// 2 (7(C);Z/2)) = # 2 (7(C);Z/2) G , and by (1.10),
Hence the Lemma is proved. We continue with the notation of the previous sections. In this section, we prove the above inequalities for a real Enriques surface Y. The methods used are Standard in real algebraic geometry and were previously used by various authors (in particular, Harlamov [Ha 1], [Ha2] , Krasnov [Kr] , Silhol [Si] , etc.). We mention here that similar considerations give a proof of the well-known result that dim 2 Br (T) = 2s -l for a smooth real rational surface X such that X(R) Φ 0. Proof of Theorem 2.1 . We introduce an important invariant r (Θ) for a real Enriques surface Υ with an antiholomorphic involution θ defined by
We prove the following formula for an arbitrary real Enriques surface: C) ; i?) = 0. Thus, we have the canonical isomorphism of characteristic class Under this isomorphism, the action of the involution θ οη the Picard group corresponds to the action of the involution -θ οη the lattice // 2 (F(C);Z) (this is well-known, for example, see [Si] , Sect. I, 4). It follows therefore, that we have an isomorphism, where for a module M and an involution θ of this module we denote By (1.4), // 2 (7(C);Z) s Z/2 0 Z 10 where
We use the following obvious Statement: Let M = Z/2 φ Z m and a group G of order two
By the definition of the invariant r (0), it follows that rk(// 2 (7(C);Z)/Tor) 9 =10-r(0).
By the remark above, we get (2.2).
Using (1.4) and the Lefsdhetz fixed-point formula (cf. [Sp] , Ch.4, Sect. 7, Theorem 6) for the Involution θ and an equivariant triangulation of the pair (X (C) 
Thus, from the inequality above, we have
By (1.5), it follows that
Thus, from (2.3), (2.4) and (2.5), we get
For a closed connected surface /% we have dimH*(F;Z/2) + x(F) = 4. Thus, the right side of the inequality (2.6) is equal to 2s -2.
This proves Theorem 2.1. § 3. Calculation of the invariant b(Y) using the universal covering AT3-surface X 3.1. Notation. We use the notation set up in § l and § 2. Thus Υ is a real Enriques surface, Υ (R) is the set of real points of Y, and Y(C) the set of complex points with the corresponding antiholomorphic involution . In this section, we obtain a precise formula for the invariant b(Y) (cf. Definition 1.2) using the universal covering ^3-surface X.
3.2. Real part of the Enriques surface Υ and the universal covering JT 3-surface. By definition (cf. the beginning of § 1), an Enriques surface is a quotient surface Y c = X/ {id, τ} where Xis a complex ^3-surface and τ an algebraic involution of ^without fixed points.
is the 2-sheeted universal covering with the holomorphic involution τ of the covering. Thus, πτ = π.
Let θ be the antiholomorphic involution of the complex surface Y(C) corresponding to the real surface Y. Let us suppose that and ye Υ (SS).
Let yeX (C) such that n(y) = y. Since π is the universal covering, there exists an antiholomorphic automorphism σ of X (C) such that πσ = θπ and σ(^) = y. It follows therefore that σ 2 is holomorphic, σ 2 (y) = y, and πσ 2 = π. Thus, σ 2 is an element of the group of the unramified covering π. Since σ 2 has the fixed point y, σ 2 = id. Hence it follows that σ is an antiholomorphic involution of X(C) with the fixed point y E X ff (R) = X(Cy. Evidently, the point r(y) e Χ σ (Κ) also. Here we denote by X a the real #3-surface defined by the antiholomorphic involution a. Thus, X"(R) is the set of real points of Χ σ .
The composition σ = τσ is also an antiholomorphic automorphism of X (C) , with πσ = θπ, and σ(^) = τ(γ). It follows that σ 2 = id. Thus, σ = τσ is another lifting to X(C) of the antiholomorphic involution θ of Y (C) . Thus, τσ defines another real K 3-surface Χ τσ with the set of real points X^(fi) = X (C) W . As in the case of X a (R) 9 the real part X"(R) is invariant under the action of τ. It is obvious that there exist no other liftings of θ to ^except σ and τ σ.
In other words, we lift the group G = {id, Θ} of order 2 on Y to the group Γ = {id, τ, σ, τσ} of order 4 on JSf, with Γ s (Z/2) 2 . It is difficult to directly relate the action of G on the cohomology of Y with the real part Y(K). Therefore, we relate the action of Γ on the cohomology of X with the action of G on Χ σ (Κ) 9 
Χ τσ (Μ) and Y(K).
The real parts X 0 (K) and Χ τσ (ΰ$) have no common point, since such a point would be the fixed point of the involution τ, but τ has no fixed point in X (C) .
Let ω χ be a non-zero 2-dimensional holomorphic differential form on X (cf. the beginning of § 1). This form is unique up to multiplication by non-zero elements of C and it has no zeros on X (C) . (Roughly speaking, it is a complex volume form.) By (1.2), τ*(ω χ ) = -co x . We can choose the form co x by the condition that a*(c%) = ω^. This defines the form ω χ up to multiplication by real n mbers. We denote this form s ω χ . The form ω χ gives the canonical volume form (up to multiplication by non-zero reals) on the real part X 0 (R) and defines the canonical orientation on it (up to a change of this orientation on all connected components of X"(R) simultaneously), cf. [N 3], Theorem 3.10.6, for details. Since τ*(ω£) = -ω£, the involution τ restricted to X 0 (R) changes this orientation. The same Statement holds for the real part X W (R). Thus, we have proved the following important 
(Χ σ (Κ)) = X a (R) and τ(Χ τσ (β$)) = Χ τσ (ί$) 9 and the involution τ changes the canonical orientation of these sets (defined by the volume forms ω χ and ω™ respectively) to the opposite one. Moreover, with respect to this action of τ the morphism π is the factorisation morphism which defines the canonical identification
Inparticular^for the n mbers S(G} and s(xa) of connected components ofX^(R} andX l respectively, and the n mbers s or and s nor of orientable and non-orientable connected ponents of Υ (R) respectively, we have the equality
In §2, we related the invariant b(Y) with the number s = ^o r H-s nor . In the following sections, we relate b(Y) to the number s nor + 2s or . Lemma 3.2.1 is important for us because, by this Lemma, the number ^n or + 2s QT is the same s s (σ) 4-s (τ σ).
3.3. Invariante of the action of Γ = {id, τ, σ, τσ} on H 2 (X(C); Z) and the sets X 0 and X rtr (IR) . Henceforth, let Υ be a real Enriques surface such that the antiholomorphic involution θ of Y(C) has two liftings σ and τσ to antiholomorphic involutions of the K3-surface X (C) . By Lemma 3.2.1, this is true if Υ (R) φ 0. Let L be the lattice H 2 (X(C);Z) with the intersection pairing. Then L is an even unimodular lattice of signature (3,19) (cf. the beginning of § 1).
For a module M and an involution φ on M, we denote Let φ be an Involution on a complex ^3-surface. We suppose that φ is either holomorphic with the condition φ*ω χ = -ω χ or antiholomorphic. Such an involution φ acts on L. For any involution of an even unimodular lattice, the invariants
of this action are defined (cf. [N 3], §3). We describe them below. The invariant r (φ) is defined by (3.3.1) r(0) = rkZ*.
It is known (cf. [N 2], §4, for the holomorphic case and [Hai] , [N 3], §3, for the antiholomorphic one) that the lattice L 0 has the signature (l, r (φ) -1), i.e. it is hyperbolic.
Since the lattice L is unimodular, the lattice L? is 2-elementary. This means that the discriminant group A L o = (Ζ, Φ )*/Ζ, Φ is isomorphic to a 2-elementary group:
which defines the invariant a (φ).
For a lattice 5, we denote by A s the discriminant group A s = S*/ S, and by q s and b s the discriminant quadratic and bilinear form of the lattice S respectively. We remark that the discriminant quadratic form is defined only for an even lattice S, (cf. [N 3], § 1). We recall that these forms are defined by extension of the form of the lattice S to S*. The discriminant quadratic form q s takes values in Q/2I and the form b s takes values in O/Z. These invariants (r (φ), α (φ), δ (φ)) define the action of the involution φ on L uniquely up to automorphisms of the unimodular lattice L (cf. [N 3], §3). Also they define the topology of the fixed part of the action of φ on X(C) (cf. [N 2], §4, for the holomorphic case and [Hai] , §3, for the antiholomorphic one). More precisely, we have
Here T g is a real orientable compact surface of genus g.
We mention the basic formulae necessary to get (3.3.4).
The invariant δ (φ) has the following geometrical sense:
In particular, it follows that the invariant
Using (l .0), and the Lefschetz fixed-point formula (cf. [Sp] , Ch. 4, Sect. 7, Theorem 6), we get From [Hai] , Lemma 3.7 (it is a consequence of the Smith exact sequence applied to the involution φ, cf. [Br] , Ch. III), we have
For any connected closed surface F (oriented or otherwise) we have the formula dim#*(F;Z/2)/4 = l .
Therefore from (3.3.6) and (3.3.7), we get the following formula for the number s (φ) of connected components of ", R , ,,, (3.3.8) *<*> Since the involution τ has no fixed points, we get (Γ(τ),α(τ),5(τ)) = (10,10,0).
We now relate the invariants
of the involutions σ and τσ.
Let L' be an even unimodular lattice, S' c L', a primitive sublattice of L', (i.e. L'j S' is free), and 0' 1 5" an involution of 5'. In [N 4] all genus invariants of an extension of 0' to an involution σ' of the unimodular lattice L' are studied. It is formulated s a study of triplets (Z/, 5", σ'), where L' is an even unimodular lattice, S' is a primitive sublattice of L' and σ' an involution of L' such that σ' (S") = 5" and σ'|5" = θ' where θ' is a fixed involution of 5". We apply this theory to the triplet (L, L T , σ) (cf. the beginning of this section).
We give some invariants from [N 4] of the triplet (L, U, σ) which are necessary for us to prove our results here. The f ll investigation of the invariants from [N 4] for real Enriques surfaces is in [N 6].
We first study the invariants of the action 0 = σ | U.
The lattice U is an even 2-elementary lattice with invariants r (τ) = rk U = 10, a (τ) = dim (U)* /U = 10 and an even discriminant 2-elementary form q Lr (cf. (3.3.3) ). It follows therefore that the lattice U (i /2) is an even unimodular lattice of signature (1,9), where the following notation is used. Thus, the restriction of the involution σ on the lattice U is defined by the action of σ οη the unimodular lattice L T (l/2). By (1.6), we have the canonical isomorphism of lattices π* :
The map π* is equivariant with respect to the action of θ and its lifting σ. Hence it follows that the action of σ on U is the same s the action of θ on // 2 (7(C);Z)/Tor. Thus, our notation 0 = σ\ U agrees with our previous notation θ for an antiholomorphic involution of Y. For the involution 0 = σ\υ on the even unimodular lattice L T (l/2), we have a similar triplet of invariants s above (for σ and τ σ on L): We give another Interpretation of the invariants (r(0), α(0), <5(0)) using the lattices U>* and U ff below.
For the invariant r(0) we evidently have r( ) = rkl/**, rkL* = 10 -r(0). We have the canonical subgroup
since the lattice L T (l/2) is unimodular. Moreover,
Let p i and /? 2 be the projections on ^L*,«r( 1 / 2 ) ^^d ^^(ι/ 2 ) respectively. Then the map (/7 2 |r(L t (l/2)))(/? 1 )~1 is an isomorphism of the discriminant quadratic forms i L r,<T (1/2) and -i L^( i/2) on the groups A L r,a (1/2 ) and ^L^(i/2) respectively. One sees very easily (by considering an orthogonal decomposition of 2-adic lattices L T>(T ® Z 2 , U a ® Z 2 s a sum of elementary lattices of rank one or two), that we have the following identifications, where for a group A we denote the subgroup of elements of order 2 by A (l} :
he same is true for the lattice U a . We have Thus, we get the following Interpretation: Proof. We should only explain the last Statement. This is true because the lattice Z/(l/2) is even, i.e. z 2 = Omod2 for any ze U(l/2).
We have studied the action of θ -σ \ U -τ σ | U introducing the invariants above. Now we fix these invariants (one ofthe triplets in (3.3.10)) and give some invariants of the extension σ of θ to the unimodular lattice L. We choose an involution between σ and τσ.
We consider the decomposition L => L ff 0 L a of finite index. Up to automorphisms of L, this is defined by the invariants
we had introduced above (cf. (3.3.1), (3.3.2), (3.3.3)). These invariants are the most important invariants of the extension σ of . But there are some other invariants we want to describe.
Let us consider the corresponding decomposition of the discriminant groups
q L<T^ -q La °f the discriminant quadratic forms. Using this isomorphism, we identify the discriminant groups and the quadratic forms s follows :
We (we use a similar identification for the groups Γ(σ) ± ). Using the discriminant quadratic form q(a) on A q(ff) , we then have a bilinear pairing between Η(σ)+ and Η(σ}_ and we consider the orthogonal complements Η(σ)± to Η(σ) ± in A q(a} . We remark that by (3.3.14) and (3.3.16), we have
The following non-trivial lemma relates the invariants
of the involutions σ and τ σ. We will not use the third Statement of the lemma here, and include it only for the sake of completeness. respectively. We denote respectively by q t the corresponding discriminant form on the group A t . Evidently, FnA t = {0}, l ^ ι ^ 4.
Let FIJ = Fn(A t 0 Aj) for l ^ / <y ^ 4. We use a similar definition for F ijk , where l ^ i <j < k ^ 4. We remark that Lemma 3.3.1 gives the description of the subgroup Γ 12 .
Evidently, rkL* = rk !,*·* + rkL* and rkL t<T = rkL T ' ff -f rkL t>ff . Thus, it follows that rkL ff + rkL T<T = 2rkL t * <T + rk Z* + rkL t " = 2rkL t ' <T H-rkL T = 2r(0) + 12. This proves the first Statement.
We now prove the second part. The following Statement will be useful to us. 
) in Γ (L) with respect to the form q S2 is equal to r(S 2 , S 3 ) + Γ(8 19 S 3 ).
Proof. Evidently, these subgroups are orthogonal to one another. Let p { be the projection on A Si .
We prove that p 2 (F(S l9 5 2 )) and ρ 2 (Γ(5 2 , 5* 3 )) are orthogonal complements to one another with respect to the form q S2 . The projection p 2 is an embedding of both these subgroups since the sublattices S t are primitive. Hence it follows that # A Si = # A (Si) 
By Proposition 3.3.3 and this identification, ( y (U'",L a )H(a) + )^} = (Γ 13 + Γ 234 )/(Γ 13 + Γ 24 ) .
We hence have Οη the other band, by definition, and the calculations above, we have
This gives the proof of the second Statement of the Lemma.
We now prove the last Statement. As before, q(v)\A q(a} = q v ® ί 3 Ι/"/(Γ 13 + Γ 24 ). Hence it follows that 5(σ) = 0 «//" ?! + 4 3 Ξ=0 modl.
(This must be true on the group Γ.) The same holds for the Involution τσ: δ(τσ) = 0 07 ^-ftf^O modl.
We remark that -i-+ + = 0 since the subgroup Γ is Isotropie. Moreover, we know that δ (τ) = 0. Therefore we have From Lemma 3.2.1, Formula (3.3.8) and Lemma 3.3.2, we get the following 
Theorem 3.3.4. Lei Υ be a real Enriques surface such that there are two liftings σ and τσ ofthe antiholomorphic Involution θ ofY to antiholomorphic involutions ofthe K3-surface X(C) (this is truefor example if Υ (R) Φ 0). Lei s(a) and $(τσ) be the number ofconnected components of the real parts Χ σ (1$) and X ra (R) respectively.
Then s(o} + s(ia) = 2 + (r(σ) + Γ(τσ))/2 -(α(σ) + ο(τσ))/2 = 3 + r (θ) -α(θ) -α(σ) + dimH(a) + + dim(#(a) + ) x n #(σ)_ ifboth s (σ) > Ο and s (τσ) > 0.
If either s (σ) = 0 and s (τ σ) > Ο or s (σ) > Ο and s (τ σ) = Ο
Besides, s (σ) + s (τσ) = s nor + 25 or where s or and s nor is the number of orientable and non-orientable connected components of Y(R} respectively.
Calculation of group cohomology invariants.
We calculate the group cohomology of Υ using the invariants above.
First of all, we have the following simple Proof. See the proof of the Formula (2.2) in §2.
We have the following proposition with notation s in the previous sections.
Proposition 3.4.2. Lei Υ be a real Enriques surface and suppose that there are two liftings σ and τσ of the antiholomorphic Involution θ of Υ to antiholomorphic involutions of the K3-surface X(C) (for example this is true if Υ (R) Φ 0).
Then there are canonical isomorphisms:
H 2 (X(C); Ζ/2) τ >* s (H 2 (X(C)\ Z)J2H 2 (X(C)\ Ζ\} σ S (H 2 (X(C); ΖΥ τ Θ H 2 (X(C); Z\ and dimH 2 (X(C);Z/2Y·" = dim(H 2 (X(Cy,Z\/2H 2 (X(C);Z\) a = 12 -α(θ) -β (σ) + dimH(a) + + άΐπιΗ(σ)_ . (H 2 (X(C); Ζ) τ /2Η 2 (Χ(€); Z)')* S (H 2 (X(C)· Ζγ° ® H 2 (X(C)· Z)l)/2H 2 (X(C)· Z) 1 , and dim (H 2 (X(C); Ζ) τ / 2 H 2 (X(C); Ζ) τ ) σ = 10 -a (θ) .
Proof. As above, let L = H 2 (X(C)',Z).
Then, since a jO-surface has no torsion in cohomology (cf. the beginning of § 1), H 2 (X(C}\ Z/2) = L/2L and we should calculate (L/2L)\ We claim (cf. [Hai] ) that Let χ = (x+ 4-x_)/2 mod2L e (L/2LY where x+ e L T , x_ 6 L t . We have Λ: -τ(χ) = x_ e2L .
It then follows that χ = y+ + y_ where y + e U, y_ e L T . Thus, we have proved the claim.
By (1.0) and since a (τ) = 10, we have
But the group (U φ LJ/2L contains the subgroup LJ2L T which is also of dimension 12. Thus, these groups are isomorphic.
The same proof for L T and the involution σ of L T gives the second Statement of the Proposition.
We now prove the third Statement. We follow the notation in the proof of Lemma 3.3.2. We have the sequence of embeddings
It follows therefore that 2 12/ # (LJ(L* 0 L tj<y )) .
On the other band,
From the calculations above of # A L? and Φ ^4 Lt σ (cf. (3.3.20) and (3.3.21)), we get
Hence the third Statement follows. Using the Smith exact sequence (cf. [Br] , Ch.III, Sect.3) and (3.4.1) and (1.0), we have the exact sequence 
(Y(C)',Z/2) -?-+ H 2 (X(C);Z/2) -?*-+ H 2 (Y(C);Z)®Z/2 -> 0.
This exact sequence is important for us, and we clarify some points about its existence. The Smith exact sequence for the involution τ of X(C} gives an exact sequence (since τ has not a fixed point):
(We use here the fact that H l (X (C) Proof. It is known that the moduli space of complex Enriques surfaces is connected (this was first remarked in [NO] ; cf. also [Ho] ). Thus, it is sufficient to prove this Statement for one Enriques surface.
Let τ be an involution on the lattice L which acts on L like the involution τ of Enriques surfaces. Then the lattice L t = U® U (2) 0 £" 8 (2), where E s is an even unimodular negative lattice of the rank 8. Let (C) has a holomorphic involution which acts on L s τ. We denote these automorphisms of X by the same letters σ and τ respectively. By construction, the involution τ has no fixed points on X(C) (cf. (3.3.4)) and by global Torelli Theorem τσ = στ (since this is true for their action on cohomology). It follows therefore that Jf(C)/{id, τ} is an Enriques surface with antiholomorphic involution θ such that σ is a lifting of Θ.
For X(C\ the group Jz? (t) /Ji? (T) = {c^ mod2, c 2 mod2, c i + c 2 mod2}. The subgroup "/jSf (t) should be σ-invariant, because it is defined uniquely by the topology of X(C) and Y (C) .
By construction of σ, we have a(c l
. We have fci + c 2 ) 2 /2 = l mod2.
Hence the lemma follows.
Remark 3.4.1. It would be interesting to find a topological proof of Lemma 3.4.3 if it does exist. This Lemma is already important for complex Enriques surfaces. For example, using this Statement, one can prove the results of [M-N] more easily.
We also need the following Statement.
Lemma 3.4.4. Let Υ be a real Enriques surface and suppose that there are two liftings σ and τσ of the antiholomorphic involution θ of Υ to antiholomorphic involutions of the surface X(C) (for example this is true if Υ (R
where the right inequality is a consequence of the following two inequalities: (0) and ( 
The inequalities 1.8.2, 2) and 4) from [N 4], in this case give the inequalities (3.4.8) and (3.4.9). We mention that these inequalities are equivalent to the inequalities dimA L * ^ rkL? and dimA Lr σ ^ rkL T σ and one can prove them for this case independently. Multiplying the inequality (3.4.8) by -l, we get the inequality
Adding the inequalities (3.4.9) and (3.4.10), we get the right inequality (3.4.7).
Using Lemma 3.4.4, we introduce the following new invariant which is used later.
Definition 3.4.1. Let Υ be a real Enriques surface and σ is a lifting of the antiholomorphic involution θ of Υ to an antiholomorphic involution of X. The invariant α (σ) is equal to
By Lemma 3.4.4, α (σ) = 0 or 1.
By (3.4.1), the subspace
is a subspace of codimension 1. This fact is used to define another invariant s follows.
Definition 3.4.2. Let Υ be a real Enriques surface with an antiholomorphic involution . The invariant (Y) is defined s
By (3.4.1), we have 0 £ 0(7) ^ 1.
Besides, we need some new invariants of σ from [N 4]. In [N 4] for a triplet (L, S, σ) (cf. Sect. 3.3) the invariants <5 σ5+ and δ σ5 were defined. These invariants are necessary for us with S = L\ S+ = Ζ/' σ , S_ = L* . We use Notation 3..3.2 to explain these invariants. The geometrical Interpretation of υ (σ) is that
No w we can formulate the basic Theorem. Since rkL* = rkA L « and rkL T σ = rk^4 Lr σ and from the decomposition of 2-adic lattices s an orthogonal sum of elementary lattices of rank l or 2, we get that (3.4.19) is equivalent to the facts 
Theorem 3.4.5. Lei Υ be a real Enriques surface and suppose there are two liftings σ and τσ of the antiholomorphic Involution θ ofY to antiholomorphic involutions of the K 3-surface X(C) (for example this is true if Υ (R) φ 0).
Then
where β (Υ) = Ο or l.
We remark that the inequalities here follow from the evident inequality r(9) ^ α(θ). This holds since
We can unify the formulae of Theorem 3.4.7: 
Further, s(a) + ί(τσ) = 5 nor + 2s or . 
with s(a) + ί(τσ) = ^n or + 2s or and 0 ^ j8(7) ^ 1.
Similar to (3.4.22), we write down a unifying formula:
where 0(7) = Ο if α (σ) = l and δ σ^,σ = 6 aLl = 0.
By these Theorems, it is important to estimate the invariant
In this direction, we have We mention other inequalities for the terms of the formula (3.5.1). Evidently,
Besides, we have
and we have an equality here only if s (σ) = s (τ σ) = 0. We explain the last inequality. If 5(σ) = 0, then <5(σ) = 0 and δ σ^,σ = δ σΙί = 0 (cf. (3.3.5) and (3.4.14)). Hence (3.5.5) follows.
We now give applications of the Theorems 1.2, 2.1, 3.4.7 and 3.5.1-3.5.3. We can suppose that s (σ) = 0 and s (τ σ) = 1.
We claim that if r (0) = 0(0), then Η(σ) + LH(o)_. Actually, we have a subgroup Γ(σ) ± c Η(σ) + where dim Γ (σ) ± = a(0) and dim H (σ) + ^ r(0). Since r(0) = a(0), we then get that Γ(σ) ± = Η(σ) + . Thus, we have Γ(σ) ± = Η(σ)+ c Η(σ)_. By Lemma 3.3.1, the subgroup Γ(σ) ± is isotropic for the bilinear form q(a) on A q(ff) . Hence the Statement we claimed follows. We therefore get
Arguing s above, we see that <5(σ) = 0 and δ σΙ^τ , σ = <5 ffL r = 0. Thus, we can apply Theorems 3.5.1 or 3.5.3 to this Situation. If α(σ) = 0, we should apply Theorem 3.5. 3.7. Some geometric applications. We want to prove the following result where we use the invariants described above. 
Proof. The first inequality follows from (3.4.22), Theorem 2.1 and (3.3.10). The second inequality follows from the formula (3.5.1), Theorem 2.1, Proposition 3.5.4 and inequalities (3. 5.3) -(3. 5.5).
We mention here that the inequality s :£ 6 also follows from results of V. M. Harlamov [Ha2] .
A remark about further results.
We want to mention further results which were obtained by the first author during the time this paper was being considered for publication. The following result is valid for smooth surfaces. Both these Theorems work for "general" real Enriques surfaces. For these surfaces, we get exactly the same results s those for rational surfaces with a non-empty set of real points. The Statements (3.8.1), (3.8.2) and (3.8.3) are very important for a topological classification of real Enriques surfaces (see below). We stress gain that we claim these Statements only if s(a)>0 and ^(τσ)>0.
We remark that Enriques surfaces of Theorem 3.6.1 do not satisfy the conditions of Theorem 3.8.3. For these surfaces one of s (σ), ^(τσ) is zero. But there exists another generalization of Theorem 3.6.1. 
In any case, we have an inequality
We mention that the inequality dim 2 Br(Y) ^ 2s 1 -l also gives another proof of Corollary 2.2.
In [N 6], the results of this paper are used to obtain some results about the topological classification of real Enriques surfaces. We cite some of these results below.
All possible invariants of [N 4] for triplets (L, σ, U) (cf. Sect. 3.3 and 3.4) are described. In particular, all possibilities for pairs (Χ σ (ί?), X Ttr (R)) are obtained. Using formulae (3.8.1), (3.8.2) and (3.8.3) for the case s(a) > 0 and s(ia) > 0 and Theorems 2.1 and 3.5.1-3.5.3 for the case s (σ) = 0 or s (τ σ) = 0, this permits us to construct many topological types of real Enriques surfaces and describe all theoretical possibilities.
The topological classification of real Enriques surfaces Υ with connected non-orientable Υ (SS) is listed. For these surfaces, Υ (R) is one of the following non-orientable connected surfaces (all these possibilities occur): U k , k = l, 3, 5, 7, 9. Here U k denotes a connected nonorientable surface of the Euler characteristic l -&; its 2-sheeted unramified orientable covering is a connected orientable surface T k of the genus k. For all these surfaces, we have an equality of the invariants r(0) = α(θ). Thus, by Theorem 3.6.1, for these surfaces 2 Br(7) s Z/ 2. Besides, we can remove the condition r(0) = α(θ) from the formulation of Theorem 3.6.1.
Further, real Enriques surfaces Υ are constructed with Υ (R) = t/ k ll{7 0 , where k = 2, 4, 6, 8, 10 (the type Υ (R) = C/ 10 U U 0 was first constructed by R. Silhol [Si] ) and one of invariants s (a), s (τ σ) equal to zero. By this construction, using Theorems 2.1 and 3.5.1-3.5.2, for these surfaces we have b(Y) = 2. Thus, by Theorem 3.8.5, for these Enriques surfaces, the Hochschild-Serre spectral sequence degenerates and dim 2 Br (7) = 3. But it is not known if the homomorphism (0.1) is epimorphic for these cases.
Enriques surfaces with 6 real connected components are constructed. For example, it is proved that there exists a real Enriques surface Υ with Υ (R) = ί^ΙΙ 5Γ 0 . By Theorem 3.7.1, this is the maximum number of real connected components for real Enriques surfaces. For this surface s (σ) > 0 and *(τσ) > 0. Thus, by Theorem 3.8.3, dim 2 Br (7) = 11.
Enriques surfaces with 4 real connected non-orientable components are constructed. For example, it is shown that there exists a real Enriques surface Υ with By Theorem 3.7.1, this is the maximum number of real connected non-orientable components for real Enriques surfaces.
We refer the reader to [N 6] for further examples.
Finally, we mention the most interesting problem (from our point of view) connected with real Enriques surfaces: To construct an example of a real Enriques surface such that
